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Abstract
Formulae are derived for the spectra of scalar curvature perturbations
and gravitational waves produced during inflation, special cases of which
include power law inflation, natural inflation in the small angle approxima-
tion and inflation in the slow roll approximation.
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1 Introduction
The magnication of vacuum fluctuations in the inflaton eld into large-scale
curvature perturbations during inflation [1, 2] is the most promising method for
producing the seed inhomogeneities necessary for galaxy formation, and the spec-
trum of these inhomogeneities, as well as the spectrum of gravitational waves
produced during inflation, are about the only observational tests of the proper-
ties of the inflaton. It is thus important to calculate these spectra accurately. In
this paper we derive formulae for these spectra, special cases of which give the
exact results for power law inflation [3, 4, 5], the exact results within the small-
angle approximation for natural inflation [6], and the results to second order in
the slow roll approximation for inflation in general. Only the power law results























for the gravitational wave spectrum [8, 2].
2 Notation
Our units are such that c = h = 8G = 1. H is the Hubble parameter,  is
the inflaton eld and a dot denotes the derivative with respect to time t. The
background metric is
ds2 = dt2 − a2(t)dx2 = a2()[ d2 − dx2] (3)
Scalar linear perturbations to this metric can be expressed most generally as [9]
ds2 = a2()
{
(1 + 2A) d2 − 2@iB dxi d − [(1 + 2R)ij + 2@i@jHT ] dxi dxj
}
(4)
R is the intrinsic curvature perturbation of comoving hypersurfaces, and, during
inflation, is given by
R = R− H
_
 (5)
where  is the perturbation in the inflaton eld. On each scale R is constant












PR 3(k− l) (7)
Tensor linear perturbations to (3) can be expressed most generally as [9]
ds2 = a2()
[
d2 − (ij + 2hij) dxi dxj
]
(8)




















where eij(k; ) is a polarization tensor satisfying
eij = eji ; eii = 0 ; kieij = 0 (11)
eij(k; )e

ij(k; ) = λµ (12)
It is also useful to choose
eij(−k; ) = eij(k; ) (13)
3 The Calculation









(@)2 − V ()
]p−g d4x (14)











where z = a
_φ
H
and a prime denotes the derivative with respect to conformal time
. u is a times the inflaton eld perturbation on spatially flat hypersurfaces and,
from (5), during inflation



















= 3(k− l) ; a^kj0 >= 0 ; etc: (18)
3







uk = 0 (19)
and
uk ! 1p2ke−ikη as aH=k ! 0 (20)
corresponding to flat spacetime eld theory well inside the horizon. Also the
growing mode for aH=k  1 is
















































































2 (−) 12H(1)ν (−k) (27)






(−k) 12−ν as aH=k !1 (28)
Now from (6), (16) and (17)
< 0jR^kR^yl j0 >=
1
z2
jukj2 3(k− l) (29)

























The calculation for the gravitational wave spectrum is very similar. The action



























vk,λ = a k,λ (34)
N.B. vk,λ = v

−k,λ from (9) and (13). Quantizing










3(k− l) ; a^k,λj0 >= 0 ; etc: (36)







vk = 0 (37)
and
vk ! 1p2ke−ikη as aH=k ! 0 (38)
vk / a for aH=k  1 (39)




















< 0j ^k,λ ^yl,σj0 >=
1
a2


















4.1 Power law inflation
In power law inflation
a / tp (44)
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Therefore from (23)
 = − = 1
p
= constant (45)
Therefore from (26) and (41)


















































in agreement with [3].
4.2 Natural inflation
In natural inflation [6] the inflaton potential is







In the small-angle approximation, ie. φ
f

























































giving a spectral index for the scalar curvature perturbation
nR ’ 1− 2 (56)
For nR = 0:7 [12], the approximate spectral index nR ’ 1 − 1=f 2 given in [6]
gives a 2% error in f , which, when combined with using (1) instead of (54), leads
to a 60% error in the predicted value of the Hubble constant during inflation.
This large error is mainly due to the sensitive dependence of 1 on , 1  e−60δ.
However, for observational errors not to dominate, the spectral index would have
to be measured to an accuracy of nR = 0:7  0:02. Note that for nR = 0:7,
1  10−4 and so the small angle approximation is much better than the slow roll
approximation.
4.3 Inflation in general
To obtain the standard results to rst order in the slow roll approximation, (1)
and (2),  = −d lnH
d lna
and  = d ln
_φ
d ln a
are neglected. Here we retain  and  but



















−  + )(58)




, and so we can
use the results of Section 3. Note that  and  only have to be treated as constant
while the mode k is leaving the horizon so that (27) can interpolate between (20)
and (21), in the same way that H is treated adiabatically in the standard rst
order calculation. Therefore from (26)
 ’ 3
2
+ 2+  (59)








2− ln 2− b)(2+ )− ] H2
2
∣∣∣ _jjaH=k(60)












where ln 2 + b− 1 ’ 0:2704. Treating (60) and (61) as adiabatic in  and  then
gives the spectral indices
















where c  4(ln 2 + b)− 5 ’ 0:08145, and




’ 1− 2− (3 + c)2 − (1 + c) (65)






























 ’ 2 − 5
2






)2 ;   V
00
V





nR(k) ’ 1− 3 + 2 + (113 − 32c)2








nψ(k) ’ 1− − (13 + 12c)2 − 12(13 − c) (71)
5 Conclusions
We have derived corrections to the standard slow roll results for the spectra of
scalar curvature perturbations and gravitational waves produced during inflation.
These quantify the errors in the standard results. In general they are small but,
for example, for natural inflation with a spectral index nR = 0:7 [12] the results
of [6] would predict a value of the Hubble constant during inflation 60% too high.
8
However, this error would only become signicant compared to the observational
errors if the spectral index were measured to an accuracy of nR = 0:7 0:02.
Acknowledgements: This work was supported in part by Monbusho Grant-in-Aid
for Encouragement of Young Scientists, No. 92062.
References
[1] A.D.Linde, Particle Physics and Inflationary Cosmology (Harwood Aca-
demic, Chur, Switzerland, 1990).
[2] E.W.Kolb and M.S.Turner, The Early Universe (Addison-Wesley, New York,
1990).
[3] L.F.Abbott and M.B.Wise, Nucl. Phys. B244 (1984) 541.
[4] F.Lucchin and S.Matarrese, Phys. Rev. D32 (1985) 1316;
F.Lucchin and S.Matarrese, Phys. Lett. B164 (1985) 282.
[5] D.H.Lyth and E.D.Stewart, Phys. Lett. B274 (1992) 168.
[6] K.Freese, J.A.Frieman and A.V.Olinto, Phys. Rev. Lett. 65 (1990) 3233;
F.C.Adams, J.R.Bond, K.Freese, J.A.Frieman and A.V.Olinto, FERMILAB
preprint FERMILAB-PUB-92-202-A (1992).
[7] S.W.Hawking, Phys. Lett. B115 (1982) 295;
A.A.Starobinskii, Phys. Lett. B117 (1982) 175;
A.Guth and S.-Y.Pi, Phys. Rev. Lett. 49 (1982) 1110;
J.M.Bardeen, P.J.Steinhardt and M.S.Turner, Phys. Rev. D28 (1983) 679;
D.H.Lyth, Phys. Lett. B147 (1984) 403; erratum ibid. B150 (1985) 465;
D.H.Lyth, Phys. Rev. D31 (1985) 1792.
[8] A.A.Starobinskii, JETP Lett. 30 (1979) 683.
[9] J.M.Bardeen, Phys. Rev. D22 (1980) 1882;
H.Kodama and M.Sasaki, Prog. Theor. Phys. Supp. 78 (1984) 1.
[10] V.F.Mukhanov, Phys. Lett. B218 (1989) 17;
N.Makino and M.Sasaki, Prog. Theor. Phys. 86 (1991) 103.
[11] V.F.Mukhanov, H.A.Feldman and R.H.Brandenberger, Phys. Rep. 215
(1992) 203.
[12] A.R.Liddle and D.H.Lyth, Lancaster University preprint LANC-TH 8-92
(1992).
9
